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Abstract. We take advantage of different generalizations of the tangent manifold to the context
of graded manifolds, together with the notion of super section along a morphism of graded
manifolds, to obtain intrinsic definitions of the main objects in supermechanics such as, the
vertical endomorphism, the canonical and the Cartan’s graded forms, the total time derivative
operator and the super-Legendre transformation. In this way, we obtain a correspondence
between the Lagrangian and the Hamiltonian formulations of supermechanics.

1. Introduction

The idea of considering classical systems that incorporate commuting and anticommuting
variables to study dynamical systems dealing with bosonic and fermionic degrees of freedom,
in particular supermechanics, has been in the air for some time now. Moreover, it has proved
to be quite useful, not only in physics but also in mathematics. Nevertheless, a careful study
of the geometric foundations of supermechanics was not taken very seriously, or at least
people did not pay the necessary attention, until quite recently [12], in spite of the general
tendency to geometrize physics. One of the reasons for this is that although the general
consensus is that the proper setting is the theory of supermanifolds, there is no general
agreement, for instance, as to what the velocity phase space of the system should be, since
there are several different possibilities to generalize the concept of the tangent bundle in
the context of graded manifolds. One of the central points in [12] was the introduction
of the tangent supermanifold, which proved to be the right arena to develop Lagrangian
supermechanics, since it allowed an intrinsic theory. However, some of the central objects,
although well defined, were not defined in an intrinsic way. Perhaps the main drawback of
the tangent supermanifold is that it is not a bundle. To overcome this, we enlarge this tangent
supermanifold by considering the tangent superbundle as introduced by Sánchez-Valenzuela
in [18], which unfortunately is a little too big, as its dimension is(2m + n, 2n + m) if
the dimension of the starting graded manifold (the superconfiguration space) is(m, n), but
that has the big advantage of allowing a geometric interpretation of a supervector field as a
section of a superbundle in much the same way as in non-graded geometry. We shall show
in this paper the convenience of getting a compromise between both concepts: we shall
introduce the objects using the tangent superbundle approach, but thereafter we shall read
the results in the tangent supermanifold (identified as a subsupermanifold of the tangent
superbundle). It will be shown how the tangent superbundle structure is the appropriate
framework for an intrinsic definition of objects such as the total time derivative operator,
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the vertical superendomorphism, the Cartan 1-form and, fundamentally, the Legendre
transformation, which will allow us to establish a connection between the Lagrangian and
the Hamiltonian formalisms of supermechanics, similar to the one in classical mechanics.

In the geometrical approach to classical mechanics, the infinitesimal transformations
arising in the traditional approach are described by the flow of vector fields, which can be
considered either as sections of the tangent bundle, or as derivations of the commutative
algebraC∞(M) of differentiable functions. The generalization of the concept of a flow of
a supervector field is not an easy task [16], but the corresponding idea of a vector field
translates easily to the framework of supermechanics. It was shown in [6] that in order to
incorporate non-point transformations in velocity phase space, it is necessary to introduce
the concept of a supervector field along a map. Moreover, the use of such a concept and its
generalizations, sections of a vector bundle along a map, has proved to be very useful for a
better understanding of many aspects of classical mechanics [7, 8]. What we want to show is
that in the transition to the supermechanics setting these concepts are even more necessary
because of the inconvenience of working with points in graded geometry. Therefore, in
the process of constructing a geometrical approach to supermechanics, including fermonic
degrees of freedom, one of the first concepts to be introduced is that of a section along a
morphism of supermanifolds.

The organization of the paper is as follows. In section 2 we describe the tangent
superbundle, in particular we give a ‘Batchelor’s description’ of it, and discuss its relation
to the tangent supermanifold as defined by Ibort and Marı́n-Solano in [12]; it is shown that
supervector fields can then be seen as geometric sections of the tangent superbundle. In
section 3, we introduce the notion of a section along a morphism of graded manifolds, and
represent supervector fields along a morphism as geometric sections along the morphism of
the tangent superbundle. As a particular example, we give an intrinsic definition of the total
time derivative operator that was used in [4] to obtain a version of Noether’s theorem in
supermechanics. This plays an important role in the geometry of the tangent superbundle,
and thereby in the Lagrangian formalism of supermechanics.

Section 4 is devoted to the study of graded forms along a morphism of graded
manifolds. Furthermore, we study the canonical graded 1-form,20, on the supercotangent
manifolds, as well as the degeneracy of the graded form�0 = −d20. Finally, section 5 is
concerned with the vertical superendomorphism, which is necessary to introduce the Cartan
1-form corresponding to a Lagrangian superfunction, and also with the super Legendre
transformation. Finally using the machinery developed here, we establish a relationship
between the Lagrangian and the Hamiltonian formulations of supermechanics.

2. The tangent superbundle and the tangent supermanifold

2.1. Basic notation

At the heart of the graded manifold theory is the idea of equipping a supervector space
V = V0 ⊕ V1 with the structure of graded manifold; the natural way of doing this [13, 14]
is to consider the so-called affine supermanifold:

S(V ) :=
(
V0, C

∞(V0)⊗
∧
(V ∗1 )

)
. (2.1)

Nevertheless, this has some drawbacks from the categorical point of view [19], and, in
the context of supervector bundles, Sánchez-Valenzuela realized that, instead of the affine
supermanifold, it is more appropriate to use the supermanifoldification ofV [18, 3]:

VS := S(V ⊕5V ) (2.2)
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where5 is the change of parity function [14, 15], hence(5V ) =)5V )0⊕ (5V )1, where

(5V )i = Vi+1 i = 0, 1. (2.3)

The sheaf,C∞(V0)⊗
∧
(V ∗1 ), will be denoted byAm,n whenever dimV0 = m, dimV1 = n,

and Rm|n will denote the graded manifoldRm|n = (Rm,Am,n). On the other hand, we
shall always consider, onRm+n|m+n = (Rm ⊕ Rn)S , the following supercoordinates: if
{ei, rα : i = 1, . . . , m, α = 1, . . . , n} is a graded basis forRm ⊕ Rn (so |ei | = 0 and
|rα| = 1) and{t i , ϑα} is the corresponding dual basis, then the set{t i , πϑα;ϑα, πti} gives
a supercoordinate system inRm+n|m+n. Hereπ is the natural morphism betweenV and
5V .

2.2. The supertangent bundle

Our first aim is to describe the relation between the supertangent manifold as defined in
[12, 4] and the supertangent bundle introduced by Sánchez-Valenzuela in [18].

If M = (M,Am) is a graded manifold of dimension(m, n), its supertangent bundle
is defined via the one-to-one correspondence between equivalence classes of locally free
sheaves ofAM modules overM of rank (r, s), and equivalence classes of supervector
bundles overM of rank (r, s), considered as a natural generalization of the standard
definition of vector bundles; namely, as the quadruplets{(E,AE),5, (M,AM), VS} such
that 5 : (E,AE) → (M,AM) is a submersion of graded manifolds,V is a real(r, s)-
dimensional supervector space and everyq ∈ M lies in a coordinate neighbourhoodU ⊆ M
for which an isomorphism,9U , exists making the following diagram commutative:

(π−1(U),AE(π−1(U))) 9U−→ (U ,AM(U))× VS
5

y yP1

(U ,AM(U)) == (U ,AM(U)).

(2.4)

In fact, the supertangent bundle is defined precisely as the supervector bundle of rank
(m, n) = dimM that corresponds to the sheaf ofAM modules DerA.

As the superbundle(E,AE) is locally isomorphic to a graded manifold of the form
(U,A(U))× VS , we shall take advantage of this fact to describe the local supercoordinates
of (E,AE). Thus, if {qi, θα}, i = 1, . . . , m, α = 1, . . . , n, are local supercoordinates on
U ⊆ M, and{t j , πϑβ, ϑβ, πvj }, j = 1, . . . , r, β = 1, . . . , s, are the local supercoordinates
of VS = Rm+n|m+n described previously, then{p∗1qi, p∗2t j , p∗2πϑβ, p∗1θα, p∗2ϑβ, p∗2πtj },
wherePk = (pk, p∗k ) is the natural projection of(U ,A(U))×VS onto thekth factor, is a set
of local supercoordinates on(U ,A(U))×VS , hence the image of this set under the morphism
of superalgebrasψ∗ will be a set of local supercoordinates for(E,AE) on π−1(U), which,
abusing the notation, we shall denote by{qi, vj , πζ β, θα, ζ β, πvj }.
Remark 2.1.We also want to point out that the superidealI, locally generated by the
superfunctions{πvj , πϑζ } (1 6 j 6 r and 1 6 β 6 s), defines a subsupermanifold
of (E,AE) of dimension(m + r, n + s). Similarly, the superidealI ′ locally generated
by the superfunctions{vj , ζ β} defines another subsupermanifold of(E,AE) of dimension
(m+ s, n+ r).

2.3. Simple graded manifolds

Next we want to describe the supertangent bundleSTM := (STM, STA) in a more concise
way. With this in mind, we shall first make some comments on the Batchelor–Gawedzki
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structural theorem. Letπ : E → M be a vector bundle of rankn, and
∧
E its exterior

algebra vector bundle (i.e. the vector bundle overM whose fibre on a pointq ∈ M is
the vector space

∧
Eq). The sheaf of sections0(

∧
E) can be considered, in the obvious

way, as a sheaf of supercommutative superalgebras overM. Moreover,(M,0(
∧
E)) is a

graded manifold. Indeed, if{(Uk, φk)} is an atlas ofM such thatπ−1(Uk) trivialize E, then
we have diffeomorphismsφk : Uk → Uk ⊆ Rm andψk : π−1(Uk) → Uk × Rn such that
pr1 ◦ ψk = π |Uk . Consider the superdomain(Uk,Am,n(Uk)) and let{uik, ξαk } (i = 1, . . . , m
and α = 1, . . . , n), be supercoordinates on it. Now, ifθαk : Uk → π−1(Uk) is the local
section of

∧
E defined byθαk (u) = ψ−1

k (u, eα), where{e1, . . . , en} denotes the canonical
basis ofRn, it is clear that the morphism8k : (Uk, 0(

∧
π−1(Uk)) → (Uk,Am,n(Uk))

defined by the assignments

uik 7→ qik := πi ◦ φk and ξαk 7→ θαk (2.5)

whereπi : Rm → R is the projection onto theith factor, is a chart, in the sense of graded
manifolds, for(M,0(

∧
E)). Moreover, it is easy to check that, ifUkl := Uk ∩ Ul 6= ∅ the

transition function of this graded manifold

8kl : (φl(Ukl),Am,n(φl(Ukl)))→ (φk(Ukl),Am,n(φk(Ukl))) (2.6)

is given by the relations

φ∗kl(u
i
k) = φikl (2.7a)

φ∗kl(ξ
α
k ) = (ψlk)βαξβl (2.7b)

whereφkl = φk ◦ φ−1
l denotes the change of coordinates inM, ψkl = ψk ◦ ψ−1

l is the
transition function of the vector bundleπ : E → M over Ukl , and (ψkl)αβ is the matrix
associated toψkl . We refer to this kind of graded manifolds as simple graded manifolds.

Simple graded manifolds are more than just a nice example of graded manifolds. Indeed,
it is not hard to obtain a fibre bundle out of a graded manifold. Let{Uj } be an open cover of
M such that on eachUj one has local charts ofM, say8j : (Uj ,AM(Uj ))→ (Uj ,Am,n(Uj ))
and let{Ui

j , ξ
α
j } (i = 1, . . . , m andα = 1, . . . , n) be supercoordinates on(Uj ,Am,n(Uj )).

If the transition morphisms are given by the relations

φ∗jk(u
i
j ) = (φjk)i0(u)+ (φjk)iαβ(u)ξαk ξβk + · · · (2.8a)

φ∗jk(ξ
α
j ) = (ϕjk)αβ(u)ξβk + (ϕjk)αβγ δ(u)ξβk ξγk ξ δk + · · · (2.8b)

then, from the cocycle relations of the8jk ’s it follows that the matrices(ϕjk)αβ satisfy, on
each point ofφk(Uj ∩ Uk ∩ Ul), the cocycle relations

ϕjk ◦ ϕkl = ϕjl. (2.9)

Thus the functionsϕ̃jk : Uj ∩ Uk → GL(n,R), defined byϕ̃jk(q) = (ϕjk(φk(q)))αβ , give
rise to a vector bundleE → M. Now, if we also assume that theUj ’s are such that
the π−1(Uj )’s trivialize E → M, then, by our previous argument, we have a local chart
9j : (Uj , 0(

∧
π−1(Uj )))→ (Uj ,Am,n(Uj )) of (M,0(

∧
E)). Moreover,ψ∗j ◦ (φ∗j )−1 is an

isomorphism from the superalgebraA(Uj ) into the superalgebra0(
∧
π−1(Uj )). Thus, the

graded manifolds(M,AM) and (M,0(
∧
E)) are locally isomorphic. Suprisingly enough,

these graded manifolds are globally isomorphic, although not in a canonical way, a fact
known as the structural theorem of Batchelor [2] and Gawedzki [9].

Remark 2.2.What we want to emphasize is that, from (2.7), an explicit way to construct
the so-called structural bundleE → M is to use the functionsϕjk, the first term of the
second equation of (2.8), as the transition functions of the dual bundleE∗.
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2.4. The underlying manifold of the supertangent bundle

In order to describe the tangent superbundleSTM := (STM, STA) we shall follow the
general construction of a supervector bundle out of a sheaf ofAM modules given in [18]
applied to the sheaf of supervector fields DerA. Let U be an open subset ofM such
that (U ,AM(U)) is isomorphic to a superdomain; ifX = ∑m

i=1X
i∂qi +

∑n
α=1 χ

α∂θα is a
supervector field in DerA(U), then the map

gU : X 7→ (X−1, . . . , Xm, χ1, . . . , χn) (2.10)

defines an isomorphism between the sheaves ofAM modulesA(U)m ⊕ A(U)n and Der
A(U). Moreover, if (U1,AM(U1)) and (U2,AM(U2)) are two of such superdomains then
the map

g12 = g1(U1 ∩ U2) ◦ g−1
2 (U1 ∩ U2) : A(U1 ∩ U2)

m ⊕A(U1 ∩ U2)
n

→ A(U1 ∩ U2)
m ⊕A(U1 ∩ U2)

n (2.11)

which basically expresses the change of supercoordinates of the supervector fieldX, is an
isomorphism ofA(U1 ∩ U2) modules and is explicitly given by the graded matrix

g12 =
(
A12 212

012 D12

)
=
( ∂qi1

∂q
j

2

∂qi1

∂θ
β

2
∂θα1

∂q
j

2

∂θα1

∂θ
β

2

)
. (2.12)

Since g12 is invertible then the matrices̃A12 and D̃12, obtained fromA12 andD12,
respectively, by projecting their entries ontoC∞(U1∩U2), are also invertible [14]; moreover,
since theg’s satisfy the cocycle condition, we also have

Ã12 ◦ Ã23 = Ã13 and D̃12 ◦ D̃23 = D̃13. (2.13)

The conclusion is that the matrices

g̃12 =
(
Ã12 0
0 D̃12

)
(2.14)

give rise to a smooth vector bundleτ : STM → M, which is the Whitney sum of the

vector bundle determined by the transition functionsÃ12 = ∂qi1

∂q
j

2

, which is nothing but the

tangent bundle of the manifoldM, and the vector bundlẽE → M determined by theD̃’s,
which by remark 2.2, is isomorphic to the dual bundle ofM. Therefore, we have proved
the following proposition:

Proposition 2.1.If E → M is a vector bundle such that(M,A) ∼= (M,0∧(E)), then the
underlying manifold of the tangent superbundle ofM is

STM = TM ⊕ E∗. (2.15)

2.5. The sheafSTA

To complete the description of the tangent superbundle we should describe the sheafSTA.
This description is done in terms of the matrices (2.12) taking in consideration the fact that
locally STM is isomorphic to(U ,A(U))× Rm+n|m+n. Thus, if τ : TM ⊕ E∗ → M is the
canonical projection, then, according to [18],STA is constructed using the superdomains
(τ−1(Uj ), STA(τ−1(Uj ))) and the superalgebra morphisms defined by the relations

qi1 = 8̂12(q
i
1) = φi0(q)+ φiαβ(q)θα2 θβ2 + · · · (2.16a)

θα1 = 8̂12(θ
α
1 ) = ψα

β (q)θ
β

2 + ψα
βγ δ(q)θ

β

2 θ
γ

2 θ
δ
2 + · · · (2.16b)



2710 J F Cariñena and H Figueroa

vi1 = 8̂12(v
i
1) =

m∑
j=0

∂qi1

∂q
j

2

v
j

2 −
n∑
β=0

∂qi1

∂θ
β

2

ζ
β

2

=
(
∂φi0

∂qj
+ ∂φ

i
αβ

∂qj
θα2 θ

β

2 + · · ·
)
v
j

2 + (2φiαβ(q)θα2 + · · ·)ζ β2 (2.16c)

πζα1 = 8̂12(πζ
α
1 ) = −

m∑
j=0

∂θα1

∂q
j

2

πv
j

2 +
n∑
β=0

∂θα1

∂θ
β

2

πζ
β

2

= −
(
∂ψα

β

∂q
j

2

θ
β

2 + · · ·
)
πv

j

2 + (ψα
β + 3ψα

βγ δθ
γ

2 θ
δ
2 + · · ·)πζ β2 (2.16d)

ζ α1 = 8̂12(ζ
α
1 ) =

m∑
j=0

∂θα1

∂q
j

2

v
j

2 +
n∑
β=0

∂θα1

∂θ
β

2

ζ
β

2

=
(
∂ψα

β

∂q
j

2

θ
β

2 + · · ·
)
v
j

2 + (ψα
β (q)+ 3ψα

βγ δ(q)θ
γ

2 θ
δ
2 + · · ·)ζ β2 (2.16e)

πvi1 = 8̂12(πv
i
1) =

m∑
j=0

∂qi1

∂q
j

2

πv
j

2 +
n∑
β=0

∂qi1

∂θ
β

2

πζ
β

2

=
(
∂φi0

∂qj
+ ∂φ

i
αβ

∂qj
θα2 θ

β

2 + · · ·
)
πv

j

2 + (−2φiαβθ
α
2 + · · ·)πζ β2 (2.16f)

where {qij , vij , πζ αj , θαj , ζ αj , πvij } are the supercoordinates onτ−1(Uj ) described in
section 2.2.

Now according to remark 2.2, the transition functions of the structural bundleE′ →
STM of (STM, STA) are obtained from (2.16); actually, they are the inverse transpose of
the linear functions912 : τ−1(U1) ∩ τ−1(U2)→ GL(2n+m,R) given by

912(q, v, πζ ) =

 ψα
β (q) 0 0
∂ψαβ
∂qi
vi ψα

β (q) 0

−2φiαβ(q)πζ
β 0 ∂φi0

∂qj

 . (2.17)

Here {q, v, πζ } are local coordinates onSTM. Nevertheless, by our arguments in
section 2.3 (i.e. the Batchelor–Gawedzki theorem) we may assume thatφiαβ(q) = 0. Then,
the following proposition follows immediately from (2.17).

Proposition 2.2.If E → M is a vector bundle such that(M,A) ∼= (M,0∧(E)), then the
structural bundle ofSTM is isomorphic to(T E ⊕ TM)∗ → TM ⊕ E∗.

We point out that, using different arguments, the tangent supermanifold has also been
studied in [17].

Finally we notice that the subsupermanifold that corresponds toSTM, according to
remark 2.1, is nothing but the tangent supermanifold(TM, TA) introduced by Ibort and
Maŕın-Solano in [12].

2.6. Supervector fields as geometric sections

The main reason for considering the tangent superbundle{(STM, STA), T , (M,A), VS)},
and supervector bundles in general [18], is that their geometric sections are in a one-to-
one correspondence with the sections of the corresponding locally free sheaf of graded
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A modules; in our case with the sections of the sheaf DerA, in other words, with the
supervector fields overM. Following [18] we will make this correspondence explicit in
the particular case we are interested in. The central point of this correspondence is to
notice that both the geometric sections and the ‘algebraic’ sections, when restricted to an
appropriate open set, are isomorphic to Maps((U ,A(U)), VS) the morphisms between the
graded manifolds(U ,A(U)) andVS . First of all, we notice that

DerA(U) ∼= A(U)m ⊕A(U)n ∼= Maps((U ,A(U)), VS). (2.18)

If X ∈ DerA(U) is written in local coordinates asX =∑m
i=1X

i∂qi +
∑n

α=1 χ
α∂θα , then

(2.18) is implemented by the maps

X 7→ (X1, . . . , Xm, χ1, . . . , χn) 7→ 8X (2.19)

where8X = (φX, φ∗X) ∈ Maps((U ,A(U)), VS) is the morphism described by, see [14], the
morphism of superalgebrasφ∗X : Am+n,m+n→ A(U) corresponding to the assignments:

t i 7→ Xi0 πϑα 7→ χα0

ϑα 7→ χα1 πti 7→ Xi1
(2.20)

whereXi0 denote the even part ofXi ∈ A(U), and so on. On the other hand, ifSTA(U) is
a short notation forSTA(τ−1(U)) andF = (f, f ∗) is a morphism in Maps((U ,A(U), VS),
then 6F : (U ,A(U)) → (τ̃−1(U), STA(U)) will denote the section of the tangent
superbundle described by the morphism of superalgebrasσ ∗F : STA(U) → A(U) defined
by the assignments

qi 7→ qi θα 7→ θα

vi 7→ f ∗(t i) ζ α 7→ f ∗(ϑα)

πζ α 7→ f ∗(πϑα) πvi 7→ f ∗(πt i).

(2.21)

(We remind the reader of our notation concerning the supercoordinates described in
sections 2.1 and 2.2.) It is easy to check that

DerA(U) ∼= Maps((U ,A(U)), VS) ∼= 0((U ,A(U)), (τ̃−1(U), STA(U))) (2.22)

is implemented by the morphisms:

X 7→ 8X 7→ 6X (2.23)

whereσ ∗X : STA(U)→ A(U) is given by the assignments

qi 7→ qi θα 7→ θα

vi 7→ Xi0 ζ α 7→ χα1

πζα 7→ χα0 πvi 7→ Xi1.

(2.24)

3. Supervector fields along a morphism

Since the information of a graded manifold is concentrated in the algebraic part, that is in
the sheaf of superalgebras, to carry over the point constructions of the classical geometry in
the graded context is somewhat difficult; for instance the notion of a flow of a supervector
field is far from trivial [16, 10, 11]. To tackle these problems we introduced in [4] the
notion of a supervector field along a morphism, which also turned out to be a useful tool
to study (higher-order) supermechanics [5]. Nevertheless, there they were defined as some
kind of superderivations, and our goal now is to give to such supervector fields a geometric
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description similar to the one in non-graded geometry. It is important to point out that,
already in the non-graded context, vector fields along a map simplify several constructions
[6–8].

3.1. Definition

Definition 3.1.Let 8 = (φ, φ∗) : (N,B)→ (M,A) be a morphism of graded manifolds; a
homogeneous supervector field along8 is a morphism of sheaves overM,X : A→ 8∗B
such that for each open subsetU of M

X(fg) = X(f )φ∗U (g)+ (−1)|X‖f |φ∗U (f )X(g) (3.1)

wheneverf ∈ A(U) is homogeneous of degree|f |. The sheaf of supervector fields along
8 will be denoted byX(8).

If X is a supervector field on(M,A), then

X̂ := φ∗ ◦X ∈ X(8) (3.2)

is a supervector field along8. In particular, when8 is a regular closed imbedding [14],
X̂ is nothing but the restriction of the supervector fieldX to the graded submanifoldN .

If Y is a supervector field on(N,B), then

T φ(Y ) := Y ◦ φ∗ (3.3)

also belongs toX(8), and we say thatY is a projectable with respect to8 if there exists
X ∈ X(A) such that

T φ(Y ) = X̂. (3.4)

X(8) is a locally free sheaf of8∗B modules overM of rank (m, n) = dimM [4].
Moreover, if (qi, θα)(16 i 6 m, 16 α 6 n), are local supercoordinates onU ⊂M, then

∂q̂i := ∂̂qi ∂θ̂α := ∂̂θα (3.5)

form a local basis ofX(8)(U). In particular, anyX ∈ X(8)(U) can be written as

X =
m∑
i=1

Xi∂q̂i +
n∑
α=1

χα∂θ̂α (3.6)

whereXi = X(qi) andχα = X(θα) are superfunctions inB(φ−1(U)) (denoted, from now
on, byB(U) for short).

3.2. Supervector fields along a morphism as sections along a morphism

Geometrical sections of a supervector bundle are defined as usual.

Definition 3.2.Let 8 : (N,B) → (M,A) be a morphism of graded manifolds and
let {(E,AE),5, (M,AM), VS} be a supervector bundle overM; a local section of
E := (E,AE) along 8 over an open subsetU of M is a morphism6 = (σ, σ ∗) :
(φ−1(U),B(U))→ (π−1(U),AE(U)), where againAE(U) := AE(π−1(U)), satisfying the
condition

8U = 5U ◦6U . (3.7)

Here the subscriptU means the restriction of the morphism to the corresponding open
graded submanifold. The set of such sections will be denoted by08(5|U ).
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It is straightforward to check that the assignment

W 7→ 08(5|W) (3.8)

for each open setW ⊆ U , makes08(5|U ) into a sheaf of8∗B modules. Moreover, ifU
is a trivializing neighbourhood of the supervector bundleE , then it is not hard to obtain a
one-to-one correspondence between08(5|U ) and Maps((φ−1(U),B(U)), VS); in particular,
one concludes that08(5|U ) is locally free.

Remark 3.1.In the case when the morphism8 is the projection5 of the supervector bundle,
there is a conical sectionC, to wit the identity morphism onE . It turns out that several
relevant objects are defined using this section.

We now turn our attention to the case when the supervector bundle is the tangent
superbundleSTM, in other words, to supervector fields. The correspondence between
supervector fields along a morphism and sections along a morphism of the supervector
bundle is carried out along the same lines as in the case of the usual supervector fields (see
section 2.6). Thus, one has

X(8)(U) ∼= B(U)m ⊕ B(U)n ∼= Maps((φ−1(U),B(U)), VS). (3.9)

This correspondence is also implemented by (2.19), where now the superfunctionsXi and
χα are given by (3.6). On the other hand, ifU is also a trivializing neighbourhood of the
supervector bundleSTM, as before, one can check that

Maps((φ−1(U),B(U)), VS) ∼= 08(T |U ). (3.10)

The explicit correspondence between a supervector fieldX ∈ X(8)(U) and a local section
along8 is given by

X 7→ 6X (3.11)

whereσ ∗X : STA(U)→ B(U) is defined by the assignments

qi 7→ φ∗(qi) θα 7→ φ∗(θα)

vi 7→ Xi0 ζ α 7→ χα1

πζα 7→ χα0 πvi 7→ Xi1.

(3.12)

3.3. The total time derivative operator

As in the non-graded context, the geometry of the tangent supermanifold is concentrated
in two objects: the vertical superendomorphism and the total time derivative operator.
Moreover this operator, introduced in [4], turned out to be quite important in the Lagrangian
formalism of supermechanics. In what follows, we shall use the previous ideas to provide
an intrinsic definition of the total time derivative operator.

Definition 3.3.The canonical section of the tangent supervector bundle(STM, T ,M)

along T described in remark 3.1, will be called the total time derivative operator and
will be denoted byT .

Since T is nothing but the identity morphism, according to the previous section
T corresponds with the superderivation alongT given, in terms of the standard
supercoordinates ofSTM, by

T =
m∑
i=1

(vi + πvi)∂q̂i +
n∑
α=1

(ζ α + πζα)∂θ̂α . (3.13)
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As we shall see later, sometimes it is convenient to work with the tangent supermanifold
TM. Thus, if8 : TM → STM is the regular closed imbedding that definesTM and
that is locally defined by the relations

qi 7→ qi θα 7→ θα

vi 7→ vi ζ α 7→ ζ α

πζα 7→ 0 πvi 7→ 0

(3.14)

then the restriction ofT to TM would be the superderivation along the restriction ofT to
TM given byφ∗ ◦ T , and its local expression would be

T =
m∑
i=1

vi∂q̂i +
n∑
α=1

ζ α∂θ̂α (3.15)

where now

∂q̂i = φ∗ ◦ τ ∗ ◦ ∂qi and ∂θ̂α = φ∗ ◦ τ ∗ ◦ ∂θα . (3.16)

We shall make no distinction in the notation when we regardT as an operator either on
STM or on TM.

4. Graded 1-forms along a morphism of supermanifolds

4.1. The cotangent superbundle and the cotangent supermanifold

The sheaf of graded 1-forms is, by definition, the dual sheaf of DerA, and corresponds,
according to [18], to a supervector bundle(ST ∗M,5,M, VS) that will be called the
cotangent superbundle ofM. As one might expect, most of the ideas of the previous
sections can be used with this sheaf ofA modulos, taking into consideration what happens
in the non-graded context.

Obviously�1(A) = X(A∗) is locally free. Moreover, ifU is an open subset ofM,
and {qi, θα} are local supercoordinates on it, then{dq1, . . . ,dqm,−dθ1, . . . ,−dθn} is the
basis of the module�1A(U) = (Der A(U))∗ dual to the basis{∂qi , ∂θα } of X(A(U)). In
particular, anyω ∈ �1A(U) can be written in a unique way, in the form

ω =
m∑
i=1

wi dqi +
n∑
α=1

ωα dθα (4.1)

where the superfunctionswi andωα are given by

wi = ω(∂qi ) and ωα = −ω(∂θα ). (4.2)

Naturally, one can describe the cotangent superbundle in a similar way as we described
the tangent superbundle in sections 2.4 and 2.5, but, in analogy with the non-graded
geometry, using instead the matrices(gstαβ)

−1, wheregαβ are the transition functions for
the tangent superbundle (2.12) andst denote the supertranspose matrix.

The correspondence between the sections of the cotangent superbundleST ∗M =
(ST ∗M,ST ∗A) and graded 1-forms is accomplished using the same ideas as in section 2.6.
Thus, if in addition, the open subsetU is a trivializing neighbourhood forST ∗M, such that
(π−1(U), ST ∗A(U)) is also isomorphic to a superdomain, where5 = (π, π∗) is the natural
projection ofST ∗M onM, andST ∗A(U) is a short notation forST ∗A(π−1(U)), then the
correspondence

�1A(U) ∼= 0((U ,A(U)), (π−1(U), ST ∗A(U))) (4.3)
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is implemented by the morphism:

ω 7→ 6ω (4.4)

whereσ ∗ω : ST ∗A(U)→ A(U) is defined by the assignments

qi 7→ qi θα 7→ θα

pi 7→ wi0 ηα 7→ ωα1

πηα 7→ ωα0 πpi 7→ wi1

(4.5)

where thewi and theωα are as in (4.2) and the subindices 0 or 1 stand for the even
or odd components. Once more, we remind the reader of our notation concerning local
supercoordinates of supervector bundles.

In analogy with the tangent superbundle, the subsupermanifoldT ∗M = (T ∗M,T ∗A)
of ST ∗M, of dimension(2m, 2n), associated to the superidealI∗ locally generated by the
superfunctions{πpi, πηα} will be called the cotangent supermanifold.

4.2. Graded forms along a morphism

Definition 4.1.Let 8 : (N,B) 7→ (M,A) be a morphism of graded manifolds; we define
�1(8), the sheaf of graded 1-forms along8, as the sheaf ofφ∗B modules dual to the sheaf
X(8). In other words,

�1(8) = X(8)∗ = Hom(X(8), φ∗B). (4.6)

In general,k-superforms are defined as

�k(8) :=
k∧
(�1(8)) (4.7)

where the wedge product is to be understood in the sense of graded algebras.

Since�1(8) is the dual of a locally freeφ∗B modulo, is itself a locally freeφ∗B
modulo. Moreover, ifω is a graded 1-form onM, the restriction ofω to N is the graded
1-form along8 defined by

ω̂(X̂) := φ∗ ◦ ω(X) ∀X ∈ X(AM). (4.8)

If (qi, θα) are supercoordinates ofM on U , and d̂qi, dθ̂ α are the restrictions of dqi and
dθα respectively, then

dq̂ i (∂q̂i ) = δij dq̂ i (∂θ̂β ) = 0 dθ̂ α(∂q̂j ) = 0 dθ̂ α(∂θ̂β ) = −δαβ (4.9)

hence{dq̂ i ,−dθ̂ α} is the dual basis of{∂q̂i , ∂θ̂α }. In particular, any graded 1-formω along
8 can be written locally as

ω =
m∑
i=1

wi dq̂ i +
n∑
α=1

ωα dθ̂ α (4.10)

where the superfunctionswi andωα belong toB(U), and are defined by

wi = ω(∂q̂i ) and ωα = −ω(∂θ̂α ). (4.11)

The equivalent process to (3.3) does not work here; instead, ifω is a graded 1-form
along8, thenφ]ω given by

φ]ω(Y ) := ω(T φ(Y )) ∀Y ∈ X(B) (4.12)
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is a graded 1-form onN . As a matter of fact, it is possible to classify the graded 1-forms
onN that come from graded 1-forms along8, when8 is a submersion. The result is that
�1(8) is isomorphic to theφ∗B modulo of8 semibasic 1-forms onN [4].

Naturally, this construction, together with the last result, can be generalized to graded
k-forms. For instance, ifω ∈ �k(8), then

φ]ω(Y1, . . . , Yk) := ω(T φ(Y1), . . . , T φ(Yk)). (4.13)

The important point is that these two processes can be combined to give an intrinsic
definition of the pull back of a graded form; something that, to our knowledge, was lacking
in the graded context.

Definition 4.2.Let 8 : (N,B)→ (M,A) be a morphism of graded manifolds and letµ be
a gradedk-form onM. The pull back ofµ by 8 is the gradedk-form onN given by

8∗(µ) := φ](µ̂). (4.14)

If µ is the graded 1-form given in local supercoordinates byµ = ∑m
i=1 u

i dqi +∑n
α=1µ

α dθα, then

µ̂ =
m∑
i=1

φ∗(ui) dq̂i +
n∑
α=1

φ∗(µα)dθ̂ α (4.15)

on the other hand, ifY ∈ X(N ) is given in local coordinates byY = ∑r
j=1 Y

j∂pj +∑s
β=1ϒ

β∂ηβ , andφi := φ∗(qi) andφα := φ∗(θα) are the coordinate representation of8
[14], then

(8∗µ)(Y ) =
∑
ij

φ∗(ui)Y j
∂φi

∂pj
+
∑
iβ

φ∗(ui)ϒβ ∂φ
i

∂ηβ

+(−1)|Y |
∑
jα

φ∗(µα)Y j
∂φα

∂pj
+ (−1)|Y |

∑
αβ

φ∗(µα)ϒβ ∂φ
α

∂ηβ
(4.16)

which is the definition given [13].
The following technical result will be needed later on.

Lemma 4.1.Let 8 = (φ, φ∗) : (N,B) → (M,A) be a diffeomorphism, andµ a graded
k-form onM, then

φ−1∗(8∗µ(Y1, . . . , Yk)) = µ(φ−1∗ ◦ Y1 ◦ φ∗, . . . , φ−1∗ ◦ Yk ◦ φ∗)). (4.17)

Proof. Since8 is a diffeomorphism any supervector field onN is projectable with respect
to 8; hence for eachYi there existsXi ∈ X(A) onM such thatYi ◦φ∗ = φ∗ ◦Xi , and one
has

(8∗ω)(Y1, . . . , Yk) = (φ](ω̂))(Y1, . . . , Yk) = ω̂(Y1 ◦ φ∗, . . . , Yk ◦ φ∗)
= ω̂(φ∗ ◦X1, . . . , φ

∗ ◦Xk) = φ∗(ω(X1, . . . , Xk)) (4.18)

and sinceXi = φ−1∗ ◦ Y ◦ φ∗ the lemma follows. �

4.3. The canonical graded forms on the cotangent supervector bundle

As expected, graded 1-forms along a morphism have their geometric counterpart. If
8 : N → M is a morphism of graded manifolds andU ⊆ M is an open subset such
that (U ,A(U)) is isomorphic to a superdomain and trivialize the cotangent superbundle
5 : ST ∗M→M, then the correspondence

�1(8)(U) ∼= 08(5|U ) (4.19)
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is carried out using similar arguments as before and is given by

ω 7→ 6ω (4.20)

whereσ ∗ω : ST ∗A(U)→ B(U) is defined by the assignments

qi 7→ φ∗(qi) θα 7→ φ∗(θα)

pi 7→ wi0 ηα 7→ ωα1

πηα 7→ ωα0 πpi 7→ wi1.

(4.21)

Herewi andωα are the superfunctions defined in (4.11), and the subindices 0 and 1 stand
for the even and odd components, respectively.

Once again, when8 = 5 = (π, π∗) is the canonical projection ofST ∗M on M,
we have, according to remark 3.1, a canonical section along5, which, in view of (4.21),
corresponds to the graded 1-form̌20 in �1(8) locally given by

2̌0 =
m∑
i=1

(pi + πpi)dq̂ i +
n∑
α=1

(ηα + πηα)dθ̂ α. (4.22)

Definition 4.3.The graded 1-form5 semibasic that corresponds tǒ20 ∈ �1(8) will be
denoted by20, and we will refer to it as the canonical Liouville 1-form onST ∗M.

From (4.22) it follows that (see [4])

20 =
m∑
i=1

(pi + πpi)dqi +
n∑
α=1

(ηα + πηα)dθα. (4.23)

On the other hand, if9 : T ∗M→ ST ∗M is the canonical closed imbedding ofT ∗M
which locally is given by

qi 7→ qi θα 7→ θα

pi 7→ pi ηα 7→ ηα

πηα 7→ 0 πpi 7→ 0

(4.24)

then the restriction of20 to T ∗M, that will also be denoted by20, is locally given by

20 =
m∑
i=1

pi dqi +
n∑
α=1

ηα dθα (4.25)

where, to be precise dqi and dθα stand for d(φ∗(qi)) and d(φ∗(θα)), respectively.
The canonical Liouville 1-form was defined in [18] in a different way and is equivalent

to ours.

Theorem 4.1.The canonical Liouville 1-form20 is the only5 semibasic 1-form onST ∗M
that satisfy

6∗ω(20) = ω ∀ω ∈ �1(A) (4.26)

where6ω is the section of the cotangent superbundle corresponding toω.
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Proof. It is enough to work on a local chart ofM. Thus, if ω = ∑m
i=1w

i dqi +∑n
α=1ω

αdθα of an open subsetU of M, we have

6∗ω(20) = σ ]ω(2̂0) = σ ]ω
( m∑
i=1

σ ∗ω(p
i + πpi)dq̂ i +

n∑
α=1

σ ∗ω(η
α + πηα)dθ̂ α

)
= σ ]ω

( m∑
i=1

wi dq̂ i +
n∑
α=1

ωα dθ̂ α
)
=

m∑
i=1

wi d(σ ∗ω(q
i))

+
n∑
α=1

ωαd(σ ∗ω(θ
α)) =

m∑
i=1

wi dqi +
n∑
α=1

ωαdθα = ω. (4.27)

On the other hand, a general graded 1-form2 on ST ∗M is written locally as

2 =
m∑
i=1

Ai dqi +
m∑
i=1

Bi dpi +
n∑
α=1

Cα dπηα +
n∑
α=1

Dα dθα +
n∑
α=1

Eα dηα +
m∑
i=1

F i dπpi

(4.28)

but, if it is 5 semibasic thenBi , Cα, Eα andF i vanish, and the previous argument fixes
the other two supercoordinates, and the uniqueness follows. �

Remark 4.1.Although 20 is formally equal to the canonical 1-form of the cotangent
bundle in non-graded geometry, it turns out that the graded 2-form−d20 is degenerate;
nevertheless, if one restricts20 to the cotangent supermanifoldT ∗M, then−d20 is a
non-degenerate graded 2-form that will be called the canonical graded 2-form and will be
denoted by�0. We refer to [18] for details.

5. The super-Legendre transformation

5.1. The vertical superendomorphism

As in the non-graded case, in order to define intrinsically the vertical superendomorphism,
we need to define vertical lifts. We shall accomplish this generalizing the ideas of the
non-graded case (see, for instance [22]).

Let U be an open subset ofM such that(U ,A(U)) is isomorphic to a superdomain.
We associate to each superfunctionf ∈ A(U) the superfunctionf V ∈ TA(U) defined by

f V :=
m∑
i=1

∂F

∂qi
vi +

n∑
α=1

∂F

∂θα
ζ α (5.1)

whereF := τ ∗(f ) ∈ TA(U). It turns out that, any supervector fieldY onTM is determined
by its action on the superfunctionsf V :

Lemma 5.1.If Y ∈ X(TA) satisfy

Y (f V ) = 0 ∀f ∈ A(U) (5.2)

thenY ≡ 0 on τ−1(U).

Proof. If the local expression forY is

Y =
m∑
k=1

Ak∂qk +
m∑
k=1

Bk∂vk +
n∑
γ=1

Cγ ∂θγ +
n∑
γ=1

Dγ ∂ζγ (5.3)
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then

0= Y (f V ) =
m∑
k,i

Ak
∂2F

∂qk∂qi
vi +

m∑
k,α

Ak
∂2F

∂qk∂θα
ζ α +

m∑
k=1

Bk
∂F

∂vk

+
m∑
γ,i

Cγ
∂2F

∂θγ ∂qi
qi +

m∑
γ,α

Cγ
∂2F

∂θγ ∂θα
ζ α +

n∑
γ=1

Dγ ∂F

∂ζ γ
. (5.4)

Pluggingf = qj in (5.4), one getsBj = 0; similarly, if f = θβ it follows thatDβ = 0.
On the other hand, takingf = qlqj in (5.4), one gets

Alvj + Ajvl = 0 (5.5)

in particular, if l = j , thenAjvj = 0, and thereforeAj = 0. Similarly, usingf = qj θβ
one getsCβ = 0, and the lemma is proved. �
Definition 5.1.If X is a supervector field onM, its vertical lift is the supervector fieldXV

on TM defined by

XV (f V ) = τ ∗(X(f )) ∀f ∈ A. (5.6)

Similarly, if X is a supervector field alongT , then we define its vertical lift by the
relations

XV (f V ) = X(f ) ∀f ∈ A(U). (5.7)

In local supercoordinates, ifX =∑m
i=1X

i∂q̂i +
∑n

α=1 χ
α∂θ̂α , then

XV =
m∑
i=1

Xi∂vi +
n∑
α=1

χα∂ζα . (5.8)

The situation is slightly different in the tangent superbundleSTM. The natural thing
to do is to replacef V by the superfunctions

f V :=
m∑
i=1

∂F

∂qi
(vi + πvi)+

n∑
α=1

∂F

∂θα
(ζ α + πζα). (5.9)

Even though a general supervector field is not determined by its action on these
superfunctions (for instance,Y (f V ) = 0 for all f ∈ A(U) of Y = ∂vi−∂πvi ), one can check,
using the same argument as before, that homogeneous supervector fields are determined by
its action on superfunctions of the form (5.9).

Thus we define the vertical lift of a homogeneous supervector fieldX ∈ X(A) as the
supervector fieldXV ∈ X(STA) that satisfies

XV (f V ) = τ ∗0 (X(f )) ∀f ∈ A. (5.10)

Moreover, ifX = X0+X1, then we defineXV := XV0 +XV1 .
Similarly, if X is a homogeneous supervector field along the canonical projection of

STM ontoM, its vertical lift is also defined by the equation (5.7), where nowT denotes
the projection ofSTM, and, of course, in the general case byXV := XV0 +XV1 .

We are now in a position to define, in an intrinsic way, the two objects that encode all
the geometric information of the tangent superbundle.

Definition 5.2.The vertical superendomorphism is the graded tensor field of type(1, 1)
S : X(STA)→ X(STA) defined by

S(Y ) := T τ(Y )V . (5.11)
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The morphism ofTA modulosS : X(TM)→ X(TM), defined also by (5.11), except
that T now denotes the restriction toTM, is also called vertical superendomorphism.

On the other hand, if

Y =
m∑
i=1

Y i∂qi +
m∑
i=1

Y i∂vi +
n∑
α=1

4̃α∂πζα +
n∑
α=1

ϒα∂θα +
n∑
α=1

4α∂ζα +
m∑
i=1

Ỹ i∂πvi (5.12)

then, using the change rule [14],

SY =
m∑
i=1

Y i∂vi +
n∑
α=1

ϒα∂ζα +
m∑
i=1

Y i∂πvi +
n∑
α=1

ϒα∂πθα . (5.13)

In particular, it is clear that

Im S = kerS = {Y : Y is vertical with respect toT0} (5.14)

and that the matrix ofS, in terms of the supercoordinates we have been using, is

S =


0 0 0 0 0 0
I 0 0 0 0 0
0 0 0 I 0 0
0 0 0 0 0 0
0 0 0 I 0 0
I 0 0 0 0 0

 (5.15)

while the corresponding matrix for the vertical superendomorphism ofTM would be

S =


0 0 0 0
I 0 0 0
0 0 0 0
0 0 I 0

 . (5.16)

Definition 5.3.The Liouville supervector field,1, is the vertical lift of the total time
derivative. In other words,1 is the supervector field onX(STA) (or X(TA)) defined
by

1 = T V (5.17)

5.2. Graded Cartan forms

In analogy with ordinary Lagrangian mechanics, the Cartan graded 1-form associated to a
given Lagrangian superfunctionL andSTA is defined by

2L := dL ◦ S. (5.18)

Using (5.13) it is easy to check that in local supercoordinates

2L =
(
∂L

∂vi
− (−1)|L|

∂L

∂πvi

)
dqi +

(
∂L

∂πζα
− (−1)|L|

∂L

∂ζα

)
dθα. (5.19)

The Cartan graded 2-form is defined as the exact graded 2-form

�L = −d2L (5.20)

hence in local supercoordinates is written as

−�L =
(

∂2L

∂qi∂vj
− (−1)|L|

∂2L

∂qi∂πvj

)
dqi ∧ dqj

+
(

∂2L

∂vi∂vj
− (−1)|L|

∂2L

∂vi∂πvj

)
dvi ∧ dqj
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+
(

∂2L

∂πζα∂vj
− (−1)|L|

∂2L

∂πζα∂πvj

)
dπζα ∧ dqj

−
(
(−1)|L|

∂2L

∂θα∂vj
+ ∂2L

∂θα∂πvj

)
dθα ∧ dqj

−
(
(−1)|L|

∂2L

∂ζα∂vj
+ ∂2L

∂ζα∂πvj

)
dζ α ∧ dqj

−
(
(−1)|L|

∂2L

∂πvi∂vj
+ ∂2L

∂πvi∂πvj

)
dπvi ∧ dqj

+
(

∂2L

∂qi∂ζ β
− (−1)|L|

∂2L

∂qi∂ζ β

)
dqi ∧ dθβ

+
(

∂2L

∂vi∂ζ β
− (−1)|L|

∂2L

∂vi∂ζ β

)
dvi ∧ dθβ

+
(

∂2L

∂πζα∂πζβ
− (−1)|L|

∂2L

∂πζα∂ζ β

)
dπζα ∧ dθβ

−
(
(−1)|L|

∂2L

∂θα∂πζβ
+ ∂2L

∂θα∂ζ β

)
dθα ∧ dθβ

−
(
(−1)|L|

∂2L

∂ζα∂πζβ
+ ∂2L

∂ζα∂ζ β

)
dζ α ∧ dθβ

−
(
(−1)|L|

∂2L

∂πvi∂πζ β
+ ∂2L

∂πvi∂ζ β

)
dπvi ∧ dθβ. (5.21)

Therefore, matrix associated to�L is of the form

�L =


A1 A2 A3 B1 B2 B3

−At2 0 0 B4 0 0
−At3 0 0 B5 0 0
C1 C4 C5 D1 D2 D3

C2 0 0 Dt
2 0 0

C3 0 0 Dt
3 0 0

 (5.22)

whereCi = −(−1)|L|Bti ; in particular,�L will be degenerate for every superfunction
L ∈ STM.

5.3. The super-Legendre transformation

If Y is a vertical supervector field with respect toT (i.e. Y ◦ τ ∗ = 0) then2L(Y ) = 0, and
therefore2L is aT semibasic graded 1-form, and sinceT is a submersion, it has associated
a unique graded 1-form,̂2L, alongT [4]. In terms of the basis{dq̂i , dθ̂ α}, 2̂L has the
same coordinates as2L corresponding to the elements{dqi, dθα} (which is not a full basis
of �1A(U)), hence

2̂L =
(
∂L

∂vi
− (−1)|L|

∂L

∂πvi

)
dq̂i +

(
∂L

∂πζα
− (−1)|L|

∂L

∂ζα

)
dθ̂ α. (5.23)

In analogy with non-graded geometry, see [7], the sectionFL : STM → ST ∗M
along T that corresponds to the graded 1-form̂2L could be considered as the Legendre
transformation, but in view of the degeneracy of�L for everyL ∈ STM, we shall restrict
our attention to the case when the super-LagrangianL ∈ TM ⊂ STM (i.e. whenL does
not depend on the variablesπvi or πθα) and consider the restriction ofFL to TM.
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Definition 5.4.If L is a super-Lagrangian inTM, the super-Legendre transformation
associated withL is the restriction of the mapFL to TM. We shall denote the super-
Legendre transformation byFL. Hence

FL : TM→ ST ∗M. (5.24)

WhenL ∈ TM the matrix of�L reduces to

�L =


A1 A2 B1 B2

−At2 0 B4 0
C1 C4 D1 D2

C2 0 Dt
2 0

 (5.25)

and to analyse its degeneracy it is necessary to consider the parity ofL. If L is even then
�L is non-degenerate if, and only if, the matricesA2 andD2 are invertible; in other words,
exactly when

∂2L

∂vi∂vj
and

∂2L

∂ζα∂ζ β
(5.26)

are invertible.
We also notice that if|L| = 0 then FL takes values inT ∗M. In fact, locally

FL = (f l, f l∗) is determined by the morphism of superalgebrasf l∗ : T ∗A(U)→ TA(U)
described by the relations:

qi 7→ qi θα 7→ θα

pi 7→ ∂L

∂vi
ηα 7→ − ∂L

∂ζα

(5.27)

which, by the inverse function theorem [14], will be a local diffeomorphism when the
Jacobian is invertible, and this happens exactly when (5.26) holds.

On the other hand, ifL is odd,�L is non-degenerate if, and only if, the off diagonal
terms are non-degenerate. This implies thatm = n and thatB2 is invertible. In other words,
that

∂2L

∂ζα∂vj
(5.28)

is invertible.
Unlike the even case, the super-Legendre transformation does not take values inT ∗M,

but on the subsupermanifold ofST ∗M of dimension(m+ n, n+m) obtained by imposing
the conditions

pi = 0 16 i 6 m and ηα = 0 16 α 6 n. (5.29)

Moreover, locallyFL is given by the assignments

qi 7→ qi θα 7→ θα

πηα 7→ ∂L

∂ζα
πpi 7→ − ∂L

∂vi

(5.30)

nevertheless, whenm = n, again by the inverse function theorem,FL is a local
diffeomorphism exactly when (5.28) holds. We have, therefore, proved the following.

Proposition 5.1.The super-Legendre transformationFL is a local diffeomorphism if, and
only if, the graded form�L is non-degenerate. In either case, we say that the super-
LagrangianL is regular.
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The super-Legendre transformation has the same properties as the usual Legendre
transformation [1].

Proposition 5.2.Let L be a super-Lagrangian inSTA, thenFL∗(20) = 2L. Moreover,
when L ∈ TA and one restricts2L and 20 to the appropriate subsupermanifolds (for
instance toTM andT ∗M respectively, when|L| = 0) then alsoFL∗(20) = 2L.

Proof. This is immediate from the local coordinate expressions. Let us simply remind
the reader that, for instance, when|L| = 0 thenFL = (f l, f l∗) is the morphism of
supermanifolds associated to the morphism of superalgbrasf l∗ : ST ∗A(U) → STA(U)
given by

qi 7→ qi θα 7→ θα

pi 7→ ∂L

∂vi
ηα 7→ − ∂L

∂ζα

πηα 7→ ∂L

∂πζα
πpi 7→ − ∂L

∂πvi
.

(5.31)

�
When L is a regular super-Lagrangian there exists a unique supervector field0L in

X(M) such that

i0L�L = dEL (5.32)

where the superenergy is defined byEL := 1L − L and1 is the Liouville supervector
field. Moreover,0L is a super second order differential equation, see [12] for details.

Proposition 5.3.Let L be a super-Lagrangian inTA such thatFL is a diffeomorphism (in
such case we sayL is hyperregular). ThenV = (FL−1)∗ ◦ 0L ◦ FL∗ is a Hamiltonian
supervector field with HamiltonianH := (FL−1)∗EL. Reciprocally, ifH is the super
function H := (FL−1)∗EL, then the Hamiltonian supervector fieldV associated toL is
FL-related to0L.

Proof. Let X be a supervector field onT ∗M. SinceFL is a diffeomorphism there exists
Y ∈ X(TA) such thatX = (FL−1)∗ ◦ Y ◦ FL∗. Using lemma 3.1 twice we have

iV �0(X) = �0(V ,X) = (FL−1)∗[FL∗(�0)(0L, Y )] = (FL−1)∗[i0L�L(Y )]
= [d(FL−1)∗(EL)](X) = dH(X) (5.33)

and the first assertion follows.
As for the second statement, we considerZ = (FL−1)∗ ◦ 0L ◦ FL∗; then the previous

argument gives thatiZ�0 = dH , and since�0 is non-degenerate,Z = V , and the
proposition is proved.

Moreover, since0L is a super SODE theni0L2L = 1(L) =: A, and the same argument
gives us20(V ) = (FL−1)∗A whenL is hyperregular. The correspondence between the
Lagrangian and Hamiltonian formulations in supermechanics is clear.
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[4] Cariñena J F and Figueroa H 1994 A geometrical version of Noether’s theorem in supermechanicsRep.

Math. Phys.34 277–303
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